y() =t y), y@=y, t=za
Y1) = O Yo 1), V(@ =Y, t2a i=1..n
> if f depends on t only: simple integration or quadrature

» standard approach for IVP: finite difference
approximation (difference quotient instead of
derivative) y(a+dt) =y(a)+dtlf (t, y(a))

Vi = Y TO LT (., Y,), t,=a+kdt, k=01,...
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differences instead of derivatives; here:
(1) = maxp, {(y(t+3 1) - y()) /5t = F (&, y(©)}
» global discretization error: maximum error of all
computed discrete approximations:

&(5t) = maxp, i~ vt}
» consistency: 1(0t) - 0 for ot - 0
> convergence (stronger): €dt) - 0for ot - 0
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» start from Taylor expansion: leads to complicated formulas
(higher derivatives of f) ®

» use aditional evaluations of f: Runge-Kutta-type methods
» simplest representative: method of Heun

ot
s = Yo+ =5 (F (6 %)+ F (b, Y + ST (8, 1,)

» both consistent and convergent of second order

Introduction to Scientific Computing
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2= Dk+71yk+7 1y

ot ot
T, = f%k +?’yk+7TZE

T,= f(tk+11 Yi +5tT3)
» consistent and convergent of fourth order

» Euler/Heun/Runge-Kutta correspond to
rectangle/trapezoidal/Simpson quadrature!

Introduction to Scientific Computing
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Sty
Yia = Yk +7(3f (tk, yk) —f (tk_l, yk-1))

» general form: take polynomial P(t) interpolating f in the
discrete points of time

Ve =Y [ Y@ dt =y [ HEy@) dt =y, + [ PE) dt

* p=1: Euler; p=2: above method; generally: order p
» start: no/not enough predecessors available; hence modify!

Introduction to Scientific Computing
L Lesson 6: Discretizing ODE

Slide 5

* use interpolation and previous values as with Adams-Bashforth

0 d order variant: ot
second order varian Ve = Vi +7(fk + fk+1)
« fourth order variant: ot
Yier = Yk +§ (fk—z -5f, +19f, +9 fk+l)

» How to get y..in the implicit case?
 straightforward way: solve the (generally nonlinear) equation
» easier (and widespread): predictor-correcfor approach

Introduction to Scientific Computing
b Lesson 6: Discretizing ODE
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* initial conditions: ylU)=1 YV
+ exact solution: y(t)=¢e"
» slight change in initial condition:
« newvalueofyint=0: Y,(0)=1+¢
* resulting new solution: yg(t) H+ N+1

3 N+t
N+2 O N+2

« arbitrarily small change leads to completely different result:t —» ©
» risk: non-precise input, round-off errors, ...

et +—
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> 2-step rule: start with initial value and the exact Y(Ot)
. timestep 61=10 0 y,=-49455, y, =209539
.« time step 01=0.10 'y, =-17253 "y, =21057

« timestep 0t=0.010 Yy, =-154.6, Y4 =158.7

» midpoint rule is second-order consistent, but does not
converge here: oscillations or instable behaviour

» there are stability conditions; generally:
consistency + stability = convergence

Introduction to Scientific Computing
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all Adams-Bashforth or all s-step Adams-Moulton
methods for s>1 are)
Vi = Y, +0 t(—1000y, +1000)= (1-10003 t)y, +10003 t
= (1-10005 t)** +1
» oscillations and divergence for §t >0.002

» Why that? Consistency and stability are asympfotic
terms. Remedy: Implicit methods (try implicit Euler)!
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> finite difference approximation for second derivative:
(1) = y(t+5t)—26y(2)+ y(t-9ot)
t
» discrete analogon to ODE in each grid point:
Ot Iy, —2y, +¥4)-hy =¢, i=L.,n-1
» tridiagonal system of linear equations
» alternative: shooting methods (reduction to IVPs)
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